Brownian dynamics with hydrodynamic interactions

Donald L. Ermak

Biomedical and Environmental Research Division, Lawrence Livermore Laboratory, University of

California, Livermore, California 94550

J. A. McCammon

Department of Chemistry, Harvard University, Cambridge, Massachusetts 02138

(Received 9 February 1978)

A method for simulating the Brownian dynamics of N particles with the inclusion of hydrodynamic
interactions is described. The particles may also be subject to the usual interparticle or external forces
(e.g., electrostatic) which have been included in previous methods for simulating Brownian dynamics of
particles in the absence of hydrodynamic interactions. The present method is derived from the Langevin
equations for the N particle assembly, and the results are shown to be consistent with the corresponding
Fokker-Planck results. Sample calculations on small systems illustrate the importance of including
hydrodynamic interactions in Brownian dynamics simulations. The method should be useful for simulation
studies of diffusion limited reactions, polymer dynamics, protein folding, particle coagulation, and other

phenomena in solution.

I. INTRODUCTION

In this paper we present a method for simulating the
diffusive behavior of a system of N interacting Brownian
particles in solution, The effects of hydrodynamic in-
teractions mediated by the host solvent are included
through a position-dependent interparticle friction ten-
sor. As presented here, the simulation technique is
applicable to spherically symmetric Brownian particles
and particles composed of spherically symmetric sub-
units.

The theory of Brownian motion was developed to de-
scribe the dynamic behavior of particles whose mass
and size are much larger than those of the host medium
particles., It has been applied to dilute solutions of
large molecules and colloidal particles. Two approaches
have generally been used. One is based on the Fokker-
Planck differential equation for the time evolution of the
N particle phase space distribution function W({r,},
{p,}, t). The other approach uses 3N coupled Langevin
equations to describe the motion of the N particles.

While the two approaches are different, they are
equivalent in that the statistical description of the N
particle phase space trajectories are identical with
both methods. Solution of the Fokker-Planck equation
yields directly the phase space distribution function
w({ 7}, {p}, ¥). On the other hand, with the set of
coupled Langevin equations, one can directly calculate
N particle phase space trajectories and then obtain
wr}, {p}, 1) by averaging.

The theory of Brownian motion originated with the
works of Einstein, ! Smoluchowski, > Langevin, ¢ Fok-
ker, ¢ and Planck.” Since their early works the theory
has been developed and applied by numerous authors in
the study of a single Brownian particle in solution. ¥~
The two-particle Fokker-Planck equation was first de-
rived by Mazo. ¥ Subsequently, Deutch and Oppenheim
derived a generalized Langevin equation from the Liou-
ville equation for N Brownian particles and # fluid par-
ticles; and from the Langevin equation they derived the
N particle Fokker-Planck equation. 1
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Due to the large mass and size of the Brownian par-
ticles, the distribution of momenta relaxes to the equi-
librium distribution much more rapidly than does the
distribution of particle positions. Physically, this oc-
curs as a result of the many collisions which the
Brownian particle has with the surrounding fluid par-
ticles. The distribution of momenta essentially reaches
the equilibrium distribution before the positions of the
Brownian particles have changed significantly whencom-
pared to the average distance between the Brownian par-
ticles or (for sufficiently large particles) the diameter
of the Brownian particles. Consequently, for many ap-
plications of the theory, one is concerned only with
phenomena which occur on a time scale which is much
larger than the momentum relaxation time. We shall
refer to times on this time scale as the diffusion re-
gime, In this case one is concerned only with the time
evolution of the N particle configuration space distribu-
tion function and the particle momenta are characterized
simply by their equilibrium distribution function.

Derivation of the N particle configuration space Fok-
ker-Planck equation in the diffusion regime was
achieved by Murphy and Aguirre'® by integrating the
phase space Fokker—Planck equation over the particle
momenta and expanding the resultant distribution func-
tion in a power series. The particle position Langevin
equations which correspond to the configuration space
Fokker~-Planck equation have been presented by Lax!?
and Zwanzig.?® Here we derive the set of particle posi-
tion Langevin equations directly from the particle mo-
mentum Langevin equations and present a method for
numerically simulating the configuration space equations
of motion in a computer experiment.

In the following section the Fokker-Planck formalism
is briefly reviewed and the mean particle displacement
and square displacement are calculated. Next we de-
rive the particle position Langevin equations from the
particle momentum equations by making use of the as-
sumption of rapid momentum relaxation. Then the
simulation technique is presented using the Oseen ten-
sor?! and the Rotne—Prager tensor?’ approximations for
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the hydrodynamic interaction mediated by the fluid. In
Sec. V the simulation technique is illustrated by com-
puter experiments on dimer and trimer particle sys-
tems.

Il. FOKKER-PLANCK DESCRIPTION

The system under consideration consists of N Brown-
ian particles immersed in a viscous, incompressible
solvent continuum. The particles may be subject to con-
figuration-dependent forces due to interparticle inter-
actions (e.g., electrostatic coupling) or external fields
(e.g., gravitational fields). The particles are also sub-
ject to velocity-dependent hydrodynamic interactions;
here these are treated within the approximation of pair-
wise additivity by use of a configuration-dependent fric-
tion tensor ,;. The Fokker—Planck equation used to
describe this system is!®?

O St 2 7, 2 )
T (m‘ iy, " Fi%p,
—Z 2 3 z,,(m, pW+ kT a—W) (1)
7 8p;

where ¢ and j run over the particle coordinates (1 s i,
j<3N), F, is the sum of interparticle and external
forces acting in direction 7, m, is the mass of the par-
ticle associated with index ¢, 7, and p,; are position and
momentum components, respectively, % is Boltzmann’s
constant, and T is the absolute temperature. The N
particle phase-space distribution function W{r;}, {p;},
t) is the average number density of Brownian particles
at {7}, {p,} at time ¢ which evolves from the initial
distribution W{{r,}, {p;}, 0).

Using a method of the Chapman-Enskog type, Murphy
and Aguirre'® derive from Eq. (1) the diffusion equation
for the N particle system

Z Z Br, (87‘ k;‘ F’W> )

where W({ 7.}, t) is the N particle configuration space
distribution function and D,;= D,, is the (configuration-
dependent) diffusion tensor related to ¢,; by

; é"an: IZ D51§11=kT5¢x- @)

This reduction has also been achieved by Wilemski. 2
In arriving at Eq. (2) it was assumed that the momentum
variables relax to equilibrium much more rapidly than
the position variables and that all spatial gradients, in-
cluding the force F;, are reasonably smooth functions
of the particle configurations.!® In accordance with
these assumptions, Eq. (2) is valid only for time inter-
vals At > m,/¢,,, the velocities {v,(t+ At)} are effec-
tively uncorrelated with the velocities {v,(t )}, and the
mean square velocity component of each Brownian par-
ticle over time intervals 2 A¢ is the equilibrium value
WY =rT/m,.

In computer experiments one is concerned with cal-
culating the particle displacements over short time
steps Af, To minimize the number of time steps re-
quired to calculate a trajectory At is chosen as large
as possible subject to the requirement that the forces
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on the particles remain nearly constant during each
step. In Brownian dynamics methods the particle dis-
placements are chosen according to stochastic rules, 2
The successive configurations of a Brownian trajectory
are selected from the configuration space distributionfunc-
tion W({r,},¢). In such a procedure the Brownian par-
ticle positions are known ({r{}) at the start of a given
step (At=0) and the corresponding initial distribution
function is Wi{r$}, 0)=116(r, - 7)), where 6(») is the
Dirac delta function. Then, to first order in Af, the
solution to Eq. (2) is the multivariate Gaussian dis-

tribution function W({{ 7.}, At) which is uniquely defined

by the moments
8D D

(A‘)’,(At)) = Z(a—:‘L ;‘T{.F )At (4a)
and
(Ar,(At) Arv,(At)y =2D,,At, (4b)

where the diffusion tensor, the gradient of the diffusion
tensor, and the forces are all evaluated in the initial con-
figuration (A#=0). The configuration of the system at the
end of the step is chosen from W({r,}, Af) and the proce-
dure is repeated to develop one typical Brownian tra-
jectory.

The hydrodynamic interaction between the Brownian
particles affects both the mean and the covariance of
the particle displacements. In the absence of hydro-
dynamic interactions the diffusion tensor is diagonal
and constant, so that Eq. (4) becomes

(Ar(at) = %,LF, At, (5a)
(Ar(at)ar,(At)) =2D,,At 5. (5b)

In this case the average displacement of a particle is
proportional to the force on that particle only, while in
the presence of hydrodynamic interactions the average
displacement is composed of two terms, one proportion-
al to the gradient of the diffusion tensor and the other
proportional to a weighted sum of the forces acting on
all the Brownian particles. The presence of hydrody-
namic interaction also leads to cross correlations in

the displacements of different particles, but does not
alter the mean square displacements {{Ar,(a¢)}%). 17

tIl. LANGEVIN DESCRIPTION

Traditional deterministic molecular dynamics calcu-
lations begin with an equation of motion for the particles
and calculate the displacements over successive time
intervals At by integrating these equations. In this sec~
tion we develop the parallel approach for the Brownian
dynamics of particles with hydrodynamic interactions.

The Langevin equations for the system of N Brownian
particles described in the previous section are!?

myv; = - Zj &, +Fy +Z,: oy, f;. (6)

Equation (6) is an expression of Newton’s law, equating
the change in momenta p; =m,, to the forces which act
on the Brownian particles. The indices { and j label
components (1<, j <3N) and J, a,,f, represents the
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randomly fluctuating force exerted on a particle by the
surrounding fluid. The f; are described by a Gaussian
distribution with the mean and covariance

<f;> = O,
(Fele)f, ) =26, 00 =t "). (7b)

The coefficients a,; are related to the hydrodynamic
friction tensor by

(7a)

5112}:_7‘ Zl: Q0. (7c)
The force on each Brownian particle is therefore com-
posed of three terms: a friction force which tends to
decrease the particle energy, a random force which
tends to increase the particle energy, and a systematic
force due to the interaction potential energy between
Brownian particles plus any external force.

We seek an equation for the displacements of the
Brownian particle starting from the momentum Lange-
vin equation [Eq. (6)]. As in the preceding section, we
will assume that the time scales for momentum relaxa-
tion and position relaxation of the Brownian particles
are well separated. Then it is possible to consider on-
ly time intervals longer than the momentum relaxation
times; the displacement equation corresponding to this
diffusive regime will be referred to as the diffusive dis-
placement equation.

The first step in deriving the diffusive displace-
ment equation is to express Eq. (6) in a slightly differ-
ent form by using the diffusion tensor defined in Eq. (3).
Multiplying Eq. (6) by D,,/kT, summing over ¢, and
changing dummy indices yields

D Ty ==+ % 2. DyFy+ 2 0l (8
7 i i

where
7y;= Dyym,/kT

and
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1
(7” = ‘E‘T‘;‘ ZI: D”a” .
From Eq. (7c) it follows that
Dy = Z“ O304 »

Expanding 7;; in a Taylor series about the initial posi-
tions of the Brownian particles yields

,.“,,Z; _u_A,,,+...,

where Av, =v,{¢) —7,(0) and the superscript indicates
that the # =0 value is implied. Corresponding expan-
sions may be written for D;;, oy, and Fy; in the pair-
wise interaction approximation the coefficients of a7,
vanish in all these expansions if / is associated with
different particles than{ and j are. To calculate the
means and covariances of the particle displacements
to first order in Af it will only be necessary to retain
the first order terms in 7; and the zeroth order terms
in Dyy, 04y, and Fy.

Substituting these expansions into Eq. (8), separating
out the terms involving v; and 9;, and retaining only
terms of the orders indicated above yields

. d
o, +u, =T exp(=t/7;) E[exp(t/-r?,)v,]
== E T80 - Z Z
v ; D?JF3+ ; O?th

where the prime on the summation indicates that the
j =1 term is omitted.

Ar,v (9)

An equation for v,(¢) can be obtained by multiplying
Eq. (9) by (79,)" exp(¢/7?,) and integrating over time.
A second integration over time yields an equation for
the displacement of the Brownian particle Ar;(z). The
double integral over time in the displacement equation
can be removed by an integration by parts and the re-
sult is

' t .
Ar(t)=7%0,(0)[1 —exp(~t/7},)] - Z,: T?,J; ds [1 —exp(-(t =s)/73)] v,

¢ 0 . D
+ }]:J; ds{1 —exp[-(t =s)/7%;1} (- 1: ZL;:‘A”:”J"U%JC! BT L F; )

Equation (10) can be simplified by restricting the time
step ¢ to times such that > 7%, = m;D 3, /kT. In this time
regime the exponential coefficient exp(~¢/7};)=0 and
the coefficient 1 —exp[~ (¢ —~s)/77;]= 1 on the interval
0<s<t. When s =¢, this coefficient is zero. Noting
that v is on the order of (#7/m)'/? and Ay is on the or-
der of (Dt)/2, it follows that Py~ (m/RT)'/2D «< (Dt }/?
~Ar. Therefore, neglecting the 7% terms in Eq. (10)
and using the approximation discussed above, Eq. (10)
becomes

(10)
|
or
A'r,=; ( zl:—u-f dsA'r,v,+ T F t)
3 oy aslt-expl- ¢ =s)/rIbr ). )
E] 0

The exponential coefficient has been retained in the ran-
dom force term as its value at s =¢ is essential to the
proper evaluation of the average of this term.

The terms in Ar? can be put in a more useful form
by noting that
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. d

A'l"'l), = d—t" (A ’V,’Ul) "’U{Uj.

Integrating this equation over time and usingthe approxi-
mation

¢ kT
dsvu;=— 16
J; EA ] my 1%}
for t>72,, one obtains
kT
ds Ar,v, = Arv; = t6.,

Again, for ¢t > 7],, the first term on the rhs can be ne-
glected since Arv ~[(#TD/m)t]'% «< (kT /m)t. With this
result Eq. (11) can be simplified to

) J i

+ ;J;‘ ds{1—exp[~(t =s)/r1} ol f (s).  (12)

In the expansion of ¢ only the first term was retained
since higher order terms do not contribute to (A 7,) or
(a7, Ar,) to first order in t. This can readily be seen
by evaluating {a7(¢)f,(¢)). Using Eq. (12) for A7, and
dropping terms of order sf (s) and A7%(s)f(s), we obtain

(Ar(8)f,( )
= ; fot ds{1 —exp[~(t =5)/73,]} 0 3 (f )/, (8D

- zfo‘ ds{1 —exp[~(t-s)/r3,]} o §;8(s ~t)=0. (13)

The mean displacement is readily calculated from
Eq. (12) and is
=% (—5-714—4,—!1-1«‘ )t (142)

The covariance of the displacements is, to first order
in ¢,

wriary=2 3 | ast ~expl- (¢ =)/73,]}

x{1 —exp[-(t-s)/r% ] oS0 %

~ 2D Y. (14b)

These results are seen to be in agreement with those
of Eq. (4) obtained from the diffusive Fokker—Planck
equation [Eq. (2)]. Throughout the above derivation it
has been indicated that the minimum time step ¢ is
much greater than the momentum relaxation time, i.e.
t>7%°=mD/ET. We have also implicitly assumed in
writing Eq. (9) and subsequent equations that ¢ is suf-
ficiently small that VD and F are essentially constant
during . It should also be noted that the results given
in Eq. (4) or (14) can also be derived by integrating the
position Langevin equation given by Zwanzig?® (see also

Lax!?),

3

IV. SIMULATION TECHNIQUE

The general method of Brownian dynamics was out-
lined in the latter part of Sec, II. The system of Brown-
ian particles is placed in an initial configuration and
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then each particle is mathematically moved along a
trajectory in accordance with the configuration space
distribution function W({#,}, ) defined by Eq. (2). As
the particles move through configuration space their
properties (e.g., potential energy, squared displace-
ment, etc.) are calculated and at the end of the simula-
tion the average value of each property during the ex-
periment is obtained. In general, the calculated aver-
ages will more closely approach the true system aver-
ages as the simulation is run for longer times ¢.

In a Brownian dynamics computer simulation the
configuration space trajectories are calculated nu-
merically, i.e., the trajectories are composed of suc-
cessive displacements each taken over a short time
step Af. These displacements are to be randomly
chosen in accordance with the multivariate Gaussian
distribution function W ({r,}, A¢) whose moments are
specified by Eqs. (4a) and (4b), What is needed is an
equation of motion from which the displacements can
be calculated.

Such a displacement equation is given by Eq. (12) and
can be written more concisely as

=rl+ >
i

where the superscript “0” indicates that the variable

is to be evaluated at the beginning of the time step. As
previously discussed, the size of the physically mean-
ingful time step is restricted to values which are suf-
ficiently long so that af>mDJ;/kT. Numerical accu-
racy limits the maximum size of the time step, requir-
ing it to be sufficiently short so that the force on the
particles and the gradient of the diffusion tensor are
essentially constant during Af, The displacement
R,(At) is a random displacement with a Gaussian dis-
tribution function whose average value is zero and
whose variance-covariance is (R,(a¢)R,(At))=2D} At

g [} 0
%”_*L INTD) %Mm‘(m, (15)
¥ F)

Values for the set of 3N displacements {R } can be
obtained from a multivariate normal deviate generator
such as the GGNRM subroutine listed in the IMSL Li-
brary.? They may also be calculated from a weighted
sum of normal random deviates [{x,}; (x;)=0, (x;x,)

=25,, At], where 8,, is the Kronecker delta. Defining
the Brownian displacement as
i
Ry(at)=2, 013 Xj, (16)
jo1

then the weighting factors are given by

i1 1/2
u=<Dn -kz; 0% ) ;
-1 (%))
Oy = (Du ‘; 01»"1»)/0;;, i>j.

Two diffusion tensors are suggested as approxima-
tions to the hydrodynamic interaction mediated by the
fluid. The Oseen tensor® given by

kT
Dy, =Bma 8,5, 1%, j on the same particle,
(18)
kT (= 77 ) L
Dy, = I+ A diff ;
7 8myry, L )’ t, j on erent particles,
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b)

FIG. 1. Conceptual drawing of the (a) dimer and (b} trimer
systems.

and the Rotne—Prager tensor® given by

kT . . :
Dyy= 7 Bmma 64, i,jon the same particle,
o [ 28) 35 (5T-24)]
I _.UTU.
~8mry, T v 4T
i, j on different particles. (19)

Here 7] is the solvent viscosity, a is the sphere radius,
8,, istheKroneckerdelta, 7, is the vector from the cen-
ter of sphere i to the center of sphere j, and Tis the
unit tensor. Both of these tensors have the property

3 2u-, (20)
7 97

so that this term can be dropped from Eq. (15). This
greatly simplifies the calculation of the displacements
as the gradient of the diffusion tensor does not have to
be calculated.

V. APPLICATION

As a demonstration of the Brownian dynamics tech-
nique with hydrodynamic interactions, the method pre-
sented in the previous section is applied to 2 number of
simple dimer and trimer systems (Fig. 1). Each sys-
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tem is composed of equal size Brownian particle spheres
which are held together by a two particle (pair) poten-
tial. Some of the properties of these systems can be
calculated analytically and these results are compared
with the computer simulation results as a test of the
accuracy of the method, Each multiunit system is
simulated three times using a different approximation
of the hydrodynamic interaction in each simulation. The
three hydrodynamic tensor approximations are the
Oseen tensor [Eq. (18)], the Rotne—Prager tensor [Eq.
(19)], and the constant diagonal tensor with no hydro-
dynamic interaction [Eg. (5)].

Two types of dimer systems were studied; rigid rod
dimers, where the separation distance between the two
subunit spheres is constant, and harmonic dimers,
where the pair potential between the two subunit spheres
is

¢(r)=2—’g— (I -7, (21)

and 7 is the distance between the sphere centers, The
harmonic potential of Eq. (21) is also used as the pair
potential between adjacent subunits of the trimer sys-
tems. Between the two end spheres of the trimer the

pair potential

kT
(-7, r=i
o= 2° (22)

0, r=}
is used.

All of the results are expressed in dimensionless units,
Distance is in units of the separation distance ! and time
is in units of 1?/D,, where D,=kT/6mma is the diffusion
coefficient of a single subunit sphere. The diffusion co-
efficient of the multiunit system is therefore expressed
in units of the single sphere diffusion coefficient D,.

A. Rigid rod dimer simulations

The rigid rod pair potential ¢(r) is infinite everywhere
except at =1 and then it is zero. The pair force is
therefore proportional to the Dirac delta function 6(1 —7)
and camnot be used directly in Eq. (15). To account for
the constraint of constant separation distance the equa-
tion of motion is modified and the displacement of the
system is conducted in two steps. First, each subunit
is displaced according to Eq. (15) with the force set
equal to zero. Then, the two subunits are moved along
the line connecting their centers until the separation
distance is equal to 1 and in such a manner that the cen-
ter of mass of the system remains unchanged. This
simple method of constraining the subunit separation
distance works well for the dimer case; however, for
larger multiunit chains, a method such as the one pro-
posed by Ryckaert et al. ? is probably more useful.

Two properties of the dimer were studied: transla-
tional diffusion and the rate of rotation. The transla-
tional diffusion coefficient is defined as

D=<(r=(tét- rn(o)», (23)
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where r, is the dimer center of mass, ?is time, and
() denotes the average value. Dimer rotation is studied
by calculating the average value of

cosd(t) =7,(t) - 7,(0), (24)

where 7, is a unit vector from the center of one sphere
to the center of the other, The average value of cosé(t)
decays exponentially with time and the decay constant
is designated as a.

The analytic values of the translational diffusion co-
efficient D and the rotational decay rate a are readily
calculated. The values for each of the hydrodynamic
tensor approximations are as follows;

Oseen tensor: D=0.51+a),
a=4(1 - 3a/4);
Rotne—Prager tensor: D=0.5(1 +a), (25)
a=4(1-~3a/4-4a%/2);
No hydrodynamic interaction: D=0.5
a=4,

& 3

where “a” is the subunit radius in units of I the separa-
tion distance.

Computer simulations of six systems were conducted
with the radius of the subunit spheres varied from 0.5
(the maximum possible radius) to 0.005. The time step
used in the calculations was Af = 0.00125 and each
simulation was conducted for 10000 time steps.

The translational diffusion coefficient results are
shown in Table I and the rotational decay rate results
are shown in Table II, Both the values obtained from
the computer simulation and the analytic values are
given, The computer results are seen to be in good
agreement with the analytic values and the difference is
within the statistical error associated with the length of
the computer runs,

In the absence of hydrodynamic interaction the trans-
lational diffusion coefficient and rotational decay rate
are independent of the subunit radius and have the con-
stant values of D=0,5 and @ =4.0, respectively. When
the subunit radius is very small in comparison to the
separation distance, the hydrodynamic interaction as
expressed by the Oseen and Rotne—-Prager tensors has

TABLE I. Rigid rod dimer diffusion coefficients.

TABLE II. Rigid rod dimer rotational decay rates.

No hydrodynamic

Radius Oseen Rotne—-Prager interaction

a D?* Doygeb D Deae. D Deae.
0.500 0.7500 0.749 0.7500 0,744 0.5000 0.500
0.250 0.6250 0.626 0.6250 0.622 0.5000 0.496
0.125 0.5625 0.564 0.5625 0.562 0.5000 0.496
0.050 0.5250 0.520 0.5250 0.523 0.5000 0.503
0.015 0.5075 0.507 0.5075 0.504 0.5000 0,497
0.005 0.5025 0.500 0.5025 0.510 0.5000 0.498

3The D values are from Eq. (25).
PThe D .. values are form the computer simulations,

No hydrodynamic

Radius Oseen Rotne-Prager interaction

a C acnlc-b o ©eant, « % care.
0.500 2.500 2.49 2.250 2.24 4.000 4.10
0.250 3.250 3.18 3.219 3.27 4.000 4.10
0.125 3.625 3.58 3.621 3.66 4.000 4.08
0.050 3.850 3.87 3.850 3.91 4.000 4.09
0.015 3.955 3.94 3.955 3.97 4.000 3.95
0.005 3.985 3.98 3..985 4,07 4.000 4.02

3The @ values are from Eq. (25).
PThe @,y values are from the computer simulations,

a negligible effect on D and & and they approach the “no
hydrodynamic interaction” values. However, as the
subunit radius is increased relative to the separation
distance, the effects of the hydrodynamic interaction
became apparent.

The hydrodynamic interaction increases the transla-
tional diffusion coefficient. The maximum value is D
=0.75 and it occurs when the two subunit spheres are
in contact (a=0.5). Both the Oseen and the Rotne—
Prager approximations give the same result for the
dimer translational diffusion coefficient.

In contrast to the effect on the translational diffusion
coefficient, the hydrodynamic interaction decreases the
rotational decay rate. Again, the maximum change oc-
curs when the subunit spheres are in contact. In this
configuration the Oseen tensor approximation yields a
value of @ =2, 5 and the Rotne—Prager approximation
yields a value of @ =2,25. When the subunit radius is
less than 0.1, the values of @ obtained from the two ap-
proximations are essentially equivalent.

B. Harmonic dimer simulations

The harmonic dimer calculations paralleled those
conducted on the rigid rod systems, Six harmonic dimer
systems were studied with the subunit radius a varied
from 0.5 to 0.005., In each simulation the potential
width parameter was §=0.1, the time step was a¢
=0.00125, and the total number of steps in the run was
10 000.

A difficulty arose for the system with a=0.5, At this
subunit radius the harmonic potential allows the two
subunit spheres to move slightly “inside” each other so
that the separation distance between the two spheres
can be less than 1. When the separation distance is
less than 0. 75, the longitudinal element of the Oseen
tensor exceeds the maximum allowable value of 1. In
order to prevent this situation the potential width was
reduced to 6 =0. 05 for this system. The time step was
also decreased to At =0, 0003,

The translational diffusion coefficient and rotational
decay rate were calculated for each system using Eqs.
(23) and (24), respectively. The results for the har-
monic systems were in agreement with those for the
analogous rigid rod systems to within the accuracy of
the calculations,
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TABLE III. Harmonic dimer mean and mean square separa-
tion distances (=1, a=0.25, §=0.1).

Eq. (26) Computer simulation®
At=0.00125 At=0.00025
o 1.020 1.019 1.020
o 1.050 1.050 1.050
Ay 0.098 0.1035 0.1006

3The Oseen tensor approximation was used in these calcula-
tions, which were run for 100000 time steps.

The equilibrium properties of a Brownian particle
system defined by the Fokker-Planck equation [Eq. (2)]
[or by the equivalent Langevin equation (12)] are not
affected by the hydrodynamic interaction. This is
readily seen by noting that the steady state solution of
the Fokker-Planck equation is the Boltzmann distribu-
tion function and is independent of the hydrodynamic
tensor D;;. In these computer experiments the mean
and mean square separation distances between the two
subunit spheres were calculated. The analytic values of
() and (#*) to second order in & are

(H=UL+26%/12+...),
D =P(1+56%/F+..4),
Ar=((rD) - () )2 =5(1 - 26%/12 ++»+).

The values of {r) and (#*) obtained from the computer
simulations were in good agreement with the analytic
values of Eq. (26). The results from two simulations
are compared with the analytic values in Table ITII, In
the first experiment a time step of Az=0, 00125 was
used, while in the second a value of A¢ =0, 00025 was
used. Both simulations were run for 100000 time steps.
The simulation values of A7 are seen to be slightly
larger than the analytical values (~6% when At =0, 00125
and ~3% when At =0.00025). The slight increase in Ar
appears to be systematic and roughly proportional to the
square root of the time step. It is probably a result of
using a first order approximation to the force term in
the displacement equation [Eq. (15)], where the integral
of F(¢) over time is approximated by F(f) + Af and F(¢t)
is taken to be constant during the time step.

(26)

C. Harmonic trimer simulations

Three trimer systems were studied with subunit
radii of =0.5, 0.25, and 0.05 and a potential width
of 5=0.1. A time step of Af =0.00125 was used and
the simulations were run for 240000 time steps. As
was the case for the harmonic dimer, a problem arose
with the Oseen tensor calculations when ¢=0.5; how-
ever, the situation is even more restrictive for the
trimer, For example, when the trimer is in a straight
line configuration, a real solution to Eq. (17) does not
exist for a<0.89, while a could be as small as 0,75 for
the dimer. To overcome this difficulty the hydrodynamic
tensors were modified to be independent of the separa-
tion distance » when <1, The modified hydrodynamic
tensor between two spheres separated by a distance less
than one is therefore
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FIG. 2. The zero adjusted autocorrelation function A(¢) for
the trimer simulations using the Oseen and Rotne~Prager
approximations. The average value of A(0) is 0.225.

kT (= 7 )
D,, = I+ 27
4 16ma vt @7
in the Oseen calculations and
BT ( T 177 )
= T +=
Y= 16mma \6 2 7% (28)

in the Rotne—Prager calculations. The gradient of the
diffusion tensor is no longer equal to zero when < 1,
so this term must be included in the displacement equa-
tion as shown in Eq. (15).

The trimer translational diffusion coefficient was cal-
culated using Eq. (23) and the results are shown in
Table IV. The hydrodynamic interaction increases the
diffusion coefficient. The increase becomes quite large
as the subunit radii increase in size relative to the sep-
aration distance, At the maximum radius of 0.5 the
diffusion coefficient with hydrodynamic interaction is
nearly twice as large as the value obtained with no hy-
drodynamics.

Figure 1 shows the angle 6 formed by the three sub-
unit centers. The rate of change in & was studied by
calculating the zero adjusted autocorrelation function
of cosb(#):

A(D) ={cos8(t) * cosh(0)) - {cosh)?.

The autocorrelation results using the Oseen and Rotne~
Prager approximations are shown in Fig. 2, where the
curves are seen to relax to zero in a manner which is
slower than exponential, The two hydrodynamic ap-
proximations give nearly the same result, the differ-
ence being within the statistical accuracy of the calcula-
tions. In the absence of hydrodynamic interaction the
autocorrelation function A(f) is nearly equal to the data
shown in Fig. 2 for a=0,05. Consequently, the effect
of the hydrodynamic interaction is to slow the decay
rate of A().

(29)

TABLE IV. Harmonic trimer diffusion coefficients D.

No hydrodynamic

Radius Oseen Rotne—~Prager interaction
0.50 0.619 0.621 0.332
0.25 0.482 0.483 0.333
0.05 0.365 0.364 0.334
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FIG. 3. The average value of cos¢(t) for the trimer simula-
tions using the Oseen and Rotne—-Prager approximations.

The equilibrium values of cosf within +3% were
found to be {cosf) =—- 0. 18 and {cos’6) =0. 258, so that
A(0)=0.225, These properties for the analogous rigid
rod trimer are {cos8)=-0.25, {cos? =0.25, and A(0)
=0,1875 and the minimum angle 6 is 60°, Smaller
angles (as small as 45°) are allowed with the harmonic
potential with 6 =0.1, resulting in a larger value of
A(0).

Movement of the plane defined by the three subunit
centers can be studied by observing the change in di-
rection of a unit vector perpendicular to the plgne 7.
The angle ¢ formed by the initial direction of 7 ,(0) and
a later direction can be calculated from the relation-
ship .

cos (¢ )=7 ,(0) < 7 ,(2). (30)

The average value of cos¢(t) was calculated and the
Oseen and Rotne—Prager results are shown in Fig. 3.
The behavior of {cos¢(#)) is similar to that of A(#) in
that it relaxes to zero in a manner which is slower than
exponential, The effect of the hydrodynamic interaction
on {cos¢(1)) is also the same as it is on A(#), namely, it
slows the decay rate of {cos¢(¢)). The Rotne—Prager
decay rate is slightly smaller than the Oseen decay rate
and this effect is most pronounced when the spheres

are in contact (a=0.5),

VI. CONCLUSION

The results presented in the previous section demon-
strates the importance of including hydrodynamic inter-
actions in a dynamic simulation of many-particle Brown-
ian systems. The hydrodynamic interaction is a long-
range effect and influences the dynamics of even dilute
solutions, !7+2% %8 Moreover, the hydrodynamic interac-
tion profoundly influences the dynamics of diffusional
encounters in solution?®=%* and the description of the
transport properties of multisubunit structures in
terms of subunit frictional coefficients. =% Computer
simulations should be useful for studying certain as-
pects of protein folding (e.g., the diffusion—collision
model of Karplus and Weaver®), particle coagulation,
and other biochemical processes.

The role of hydrodynamic interactions in the dynami-
cal properties of polymer solutions has long been ap-

. 21, 40, 41 . : :
preciated, but simulations of polymer dynamics
which incorporate these interactions have not been at-
tempted. This is perhaps due in part to the appearance
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of the square root of the diffusion tensor in the Langevin
equations given by Lax'® and Zwanzig?; this factor
makes simulations based directly on the Langevin equa-
tions computationally very difficult., The methods de-
scribed in this paper should make such simulations
possible,

ACKNOWLEDGMENTS

The authors are grateful to Robert Nyholm and Liena
Boone for carrying out the computer calculations, J.A.M.
thanks Professor Peter Wolynes for helpful discussions
and the N.I.H. for postdoctoral fellowship (1 F32
GMO05717-01A1). The idea for this study was conceived
during the 1976 CECAM workshop on models for protein
dynamics (Orsay, France). This work was performed
under the auspices of the U. S. Department of Energy by
the Lawrence Livermore Laboratory under contract
number W-7405-ENG-48.

1A, Einstein, Ann. Phys. (Leipzig) 17, 549 (1905) [English
translation reprinted in Albert Einstein, Investigations on the
Theory of Brownian Movement, edited by R. Furth (Dover,
New York, 1956)].

M. V. Smoluchowski, Ann, Phys. (Leipzig) 21, 756 (1966).

M. V. Smoluchowski, Ann. Phys. (Leipzig) 48, 1103 (1915).

4p. Langevin, C. Acad. Sci. 146, 530 (1908).

5A. D. Fokker, Dissertation, Leiden (1913),

5A. D. Fokker, Ann. Phys. (Leipzig) 43, 812 (1914).

™. Planck, Sitzungsber. Preuss. Akad. Wiss. Phys. Math.
Kl. 23, 324 (1917).

%0. Klein, Ark. Mat. Astron. Fys. 16, 5 (1922).

°H. A. Kramers, Physica (The Hague) 7, 284 (1940).

G, E. Uhlenbeck and L. S. Ornstein, Phys. Rev. 36, 823
(1930) [reprinted in Selected Papers on Noise and Stochastic
Processes, edited by N. Wax (Dover, New York, 1959)].

113, Chandrasekhar, Rev. Mod. Phys. 15, 1 {1943) [reprinted
in Selected Papers on Noise and Stochastic Processes, edited
by N. Wax (Dover, New York, 1954)].

125, L. Lebowitz and E. Rubin, Phys. Rev. 181, 2381 (1963).

B35, L. Lebowitz and P. Resibois, Phys. Rev. Sect. A 139,
1001 (1965).

Yp Mazur and I. Oppenheim, J. Phys. Soc, Jpn. Suppl. 26,

1535 (1969).

J. Albers, J. M. Deutch, and I, Oppenheim, J. Chem. Phys.
54, 3541 (1971).

16R. M. Mazo, J. Stat. Phys. 1, 559 (1969).

173. M. Deutch and I. Oppenheim, J, Chem. Phys. 54, 3547
(1971).

8T, J. Murphy and J. L. Aguirre, J. Chem. Phys. 57, 2098
(1972).

%M. Lax, Rev. Mod. Phys. 38, 541 (1966).

¥R, Zwanzig, Adv. Chem. Phys. 15, 325 (1969).

Y, Yamakawa, Modern Theory of Polymer Solutions (Harper
and Row, New York, 1971).

223, Rotne and S. Prager, J. Chem. Phys. 50, 4831 (1969).

BG, wilemski, J. Stat. Phys. 14, 153 (1976).

#p. L. Ermak and H. Buckholtz, J. Comp. Phys. (submitted
for publication).

BInternational Mathematical and Statistical Libraries, Inc.,
IMSL Library 3 Reference Manual, IMSL LIB3-0005,
(Houston, TX, November 1975).

%3, P. Ryckaert, G. Ciccoti, and H. J. C. Berendsen, J.
Comp. Phys. 23, 327 (1977).

G, K. Batchelor, J. Fluid Mech. 74, 1 (1976).

%p, G. Wolynes and J. M. Deutch, J. Chem. Phys. 67, 733
(1977).

24, L. Friedman, J. Chem. Phys. 70, 3931 (1966).

305, M. Deutch and B. U. Felderhof, J. Chem. Phys. 59,
1669 (1973).

J. Chem. Phys., Vol. 69, No. 4, 15 August 1978

Downloaded 30 Nov 2009 to 146.6.132.139. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



1360 D. L. Ermak and J. A. McCammon: Brownian dynamics with hydrodynamic interactions

'R, P. Honig, G. J. Roebersen, and P. H. Wiersema, J.
Colloid Interface Sci. 36, 97 (1971).

3P, G. Wolynes and J. M. Deutch, J. Chem. Phys. 65, 450
(1976).

33p, G. Wolynes and J. A. McCammon, Macromolecules 10,
86 (1977).

3. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565
(1948).

%y, Bloomfield, W. O. Dalton, and K E. Van Holde, Bio-
polymers 5, 135, 149 (1967).

%p, Debye and A. M. Bueche, J. Chem. Phys. 16, 573 (1948).

%B, U. Felderhof and J. M. Deutch, J. Chem. Phys. 62,
2391 (1975).

83, A. McCammon, J. M. Deutch, and B. U. Felderhof,
Biopolymers 14, 2613 (1975).

%M. Karplus and D. L. Weaver, Nature (London) 260, 404
(1976).

M. Bixon, Ann. Rev. Phys. Chem. 27, 65 (1976).

4w, H. Stockmayer, in Molecular Fluids, edited by R. Balian
and G. Weill (Gordon and Breach, New York, 1976).

J. Chem. Phys., Vol. 69, No. 4, 15 August 1978

Downloaded 30 Nov 2009 to 146.6.132.139. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



