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Introduction

Goal: Compute the free energy difference between 2 states
1. Alchemical

Path between physical end-states can be unphysical

Define a parameter λ that controls state

Example: protein-ligand binding free energy

At λ= 1 the protein and ligand interact

At λ= 0 the protein and ligand do not interact

Intermediate λ values can specify unphysical potentials

Softcore van der Waals and/or electrostatics

No ligand electrostatics

2. Conformational



The Usual Approaches

Sample at end-states and alchemical intermediate states

Calculate the free energy between adjacent states using: 
1. Free Energy Perturbation (FEP) from the Zwanzig equation:

Bennett-Acceptance Ratio (BAR) optimally use trajectories A and B

Multi-state BAR (MBAR) optimally use all trajectories

1. Thermodynamic Integration (TI)



Caveats / Questions

1. Must have overlap between the partition functions of  neighboring 
intermediate states

Rule of  thumb: perturbation steps can be a few kT
Larger perturbations mean less overlap and slower convergence
How do we know a priori the set of λ to choose?

2. All important configurations must be sampled at eachλ
There can be large free energy barriers

Protein side chain rotamers (or even backbone rearrangements)
How do we get over barriers to converge quickly?

3. Hamiltonian Lagging
If our system is equilibrated at λ=1, how long does equilibration 
take upon switching to λ= 0?



Lambda Dynamics 
by Kong and Brooks (1996)

Treat λ as a dynamic variable
Known as an extended system approach

λ has a mass (M), velocity, etc.

Force on the λ particle from the “real system”
Fλ= -dU(X, λ) / dλ

Propogate λ using Langevin dynamics

First term is Fλ

Second is friction

Third is random



Metadynamics
by Laio and Parrinello (2002)

Imagine λdynamics for the solvation of   Na+Mg++
Force on the λ particle will push it to Mg++ state

Little (or no) sampling of  Na+

Solution – add a positive Gaussian to the total potential 
every ~100 steps

Gaussians accumulate for low free energy values of  λ
Eventually, all λ values are sampled equally

A Random Walk in λ!

At the end, the sum of  the Gaussians provides the negative 
image of  the free energy



Example Courtesy of  Prof. 
Alessandro Laio



Example 2 Courtesy of  Prof. 
Alessandro Laio

2D potential energy surface 
U(x,y)

Order parameter λ=x

Bias G(λ,t) is be built up 
until G(λ,t) + F(λ) becomes 
flat 

Then -G(λ,t) = F(λ) + C

What if  there are large 
barriers along the y-
coordinate?



Orthogonal Space 
Random Walk

Construct a 2D bias along both ξ and Fξ

The free energy derivative at ξ=ξ’ is the ensemble average of  
Fξ at ξ’

Using the TI formula, the free energy difference between ξi

and ξis



Orthogonal Space 
Random Walk (OSRW)

Total OSRW potential:

Transformation of  leucine asparagine ~0.6 nsec

Without



Applications of  OSRW

Transformation of  leucine asparagine

pKa of  value of  a buried ionizable residue: Asp-66 of  the 
V66D variant of  staphylococcal nuclease (SNase)

PMF for separation of  sodium and chloride in water

Redox Potentials (QM/MM)

Tautomerization (QM/MM)



Transformation of  leucine
asparagine



pKa of  Asp-66 in SNase



PMF for NaCl in Water
OSRW vs. Metadynamics



Further Development of  OSRW
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AMOEBA in 2011 (Ohhhh Yeah!)
Binding Free Energy
AMOEBA-assisted Crystallography



Tautomerization
Free Energy Cycle



Tautomerization
Free Energy Results



Redox of  Lumichrome and 
Riboflavin



Redox Convergence



Scaling Parameter Sampling

Figure 4. Time-dependent scaling parameter changes of the representative runs on lumichrome (a) and riboflavin (b).



λ vs. dU/dλ



Comparison of  OSRW* to 
TI Using 11 λ States for Redox

• OSRW required a single ~200 psec simulation
• TI requires ~11 ~250 psec simulations = 2.75 nsec



OSRW for AMOEBA in FFX

Note: requires dU/dλ, d2U/dλ2 and dU/dX/dλ

 Softcore van der Waals
D. Jiao, P.A. Golubkov, T. Darden, P. Ren (2008)

 Softcore permanent multipole real space PME electrostatics

r  r2   1  2



OSRW for AMOEBA in FFX

Polarization – Thole damping so softcore is not necessary
Compute Upol for protein+ligand, protein alone and ligand alone

Advantage: ligand electrostatics are not turned off
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OSRW for AMOEBA in FFX

The biasing energy/forces are implemented 
THANKS to Wei Yang!

Applications
Binding free energies

Solvation free energies

AMOEBA-assisted X-ray crystallography optimization



Conclusions of  OSRW

Key problem addressed: Hamiltonian Lagging of  the system 
behind the order parameter

Approach: Random walk in both the order parameter space 
(λ) and generalized force space (dU/dλ)

Synchronization of  order parameter moves and conformational 
relaxation


